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ABSTRACT

In this paper we consider a discrete time (a, ¢, d) policy bulk service queue
with accessible and non-accessible batches. Here the server begins service only
if the number of units in the queue (n) is at least ¢ and serves a maximum
of d units in a batch, with or without accessibility to the batches of ongoing
service according as the on going service batch size is less than b or not. The
server continue to serve even when the system size is less than ¢ but not less
than a secondary limit a(a < ¢ < b < d), after a service completion epoch. The
analysis of the model is considered and the steady state probabilities, expected

queue length, expected cost function and optimality problem are obtained.
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1 Introduction

There are many real life queueing situations in which jobs are served with a control
limit policy. For example, in some manufacturing systems it is possible to process
jobs manually or by a machine. Up to some control limits, it may be profitable
to process the jobs manually one by one, and when the number of jobs exceeds
that control limit, processing in a batch by a machine may be cheeper. Batch
service models are useful to investigate the performance of various processes in
production, manufacturing, traffic signal and telecommunication systems, where the
processor processes packets in a batch without over loading the system. Discrete
time queueing models are better suited than their continuous time counterparts to
evaluate performance measures such as packet loss and packet delay in computer
and digital telecommunication networks, because of the clock-driven operation of
those systems.

The study of finite buffer queueing models is important rather than infinite buffer
queues because in real applications we usually observe limited waiting space. How-
ever from a theoretical view point both finite and infinite buffer queueing models
have importance. Most of the investigations which employed bulk service mod-
els have considered continuous time queues. See Chaudhry and Templeton (1983),
Dshalalow(1997) and the references therein for a detailed account of such mod-
els. Gupta and Goswami(2002) discussed analytic and computational aspects of
Geo/G’/1/N queue. Chaudhry and Chang(2003) considered a Geo/G1Y /1/N
queue with variable service capacity. They discussed the computational aspects of
the distributions of the customers in the queue at various epochs.

Queueing systems with accessible and non accessible batches were considered
by many researchers in the past (see for example: Kleinrock(1975), Chiamsiri
and leonard(1981), Sivasamy(1990), Gross and Harris(1999), Baburaj and Manoha-
ran(1999), Baburaj(2000), Goswami and Samanta(2009) etc.). Baburaj and Suren-
dranath (2006) considered an (a, ¢, d) policy M /M /1 bulk service queue with acces-
sible and non accessible batches. In the model considered by Baburaj and Suren-

dranath (2005), the server starts service only when the queue size is at least ¢
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and continue to serve even when the system size is less than ¢ but not less than
a secondary limit a(a < ¢), after a service completion epoch, such a rule is called
Modified General Bulk Service Rule (Modified GBSR). Baburaj and Surendranath
(2006) further assumed that the server allows the late entries to join a batch in course

of ongoing service till the batch size is less than the accessible limit b(a < ¢ < b < d).

Batch service queueing models have potential applications in many areas, for ex-
ample; in the loading and unloading of cargos at a seaport, in traffic signal systems,
in communication systems (each message consisting of different packets), in trans-
portation systems (buses, guided tours, medical evaluation systems, etc.), in manu-
facturing systems (electrical, electronic and mechanical industries making products
such as cars, computers, machines, etc., where each job is considered as the accumu-
lation of different tasks), in a computer network where jobs are processed in batches.
In typical batch service queueing models, once the service is started, arriving unit
cannot enter the service station though enough space is available to accommodate
it. But in many practical situations the arriving units will be considered for service
with current batch in service with some limitation, for example cinema hall, elevator,
etc. It may be noted that the accessible batch service has more economic utilizations
in providing better service to the queue. For example, in many shuttle transporta-
tion systems, we observe units being transported according to accessibility rule with

some limitation.

Here we consider an (a, ¢, d) policy discrete time bulk service queue with acces-
sible and non accessible batches. In this model the customers arrive according to a
poisson process with parameter A\. Here the server allows late arrivals to join the
ongoing service till the batch size is less than b (accessible batch). In this model
the server continue to serve even when the queue size n is less than ¢ but not less
than a secondary limit a(a < ¢ < b < d), after a service completion epoch. The
service time distribution is assumed to be exponential with parameter p. Section 2
provides the description of the model. Section 3, presents the analysis of the model
with infinite buffer. The transient and steady state behaviour of the model is studied

in subsection 3.1 . Explicit expressions for the expected queue length and expected
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cost function are given in subsections 3.2 and 3.3 respectively. In subsection 3.4,
particular cases of the model are discussed. The model with finite buffer is studied
in section 4. Subsections 4.1 and 4.2 respectively gives the steady state probabilities
and expected queue length of the model with finite buffer. A graphical presenta-
tion of the expected queue length and expected cost function are also carried out in

section 5. Finally, concluding remarks are given in section 6.

2 Description of the Model

o Let V,(t—), n=0,1,2,...,c — 1 denote the probability that the server is idle

and there are n units waiting in the queue.

o II; ,(t—), n=a,a+1,a+2,...,b— 1 denote the probability that the server

is busy with an accessible batch and there are n units in the queue.

o Il ,(t—), n =0,1,2,... denote the probability that the server is busy with
a non-accessible batch and there are n units in the queue (excluding those in

service).
e Here the arriving customer may find the system in any of the following cases.
1. (0,n), (n=0,1,2,...,c—2) in this case the server is idle and the state of

transition will be (0, n+1).

2. (0, c-1), in this case the server is idle and the state of transition will be
(L,c).
3. (I, n), (n=a,a+1,a+2,....,b — 2) in this case the server is busy with

an accessible batch and the state of transition will be(1, n+1).

4. (1, b-1), in this case the server is busy with an accessible batch and the

state of transition will be(2, 0).

5. (2, n), n=0,1,2,.... in this case the server is busy with a non-accessible

batch and the state of transition will be (2, n+1).
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3 Analysis of the Model with Infinite Buffer

Here the state space of the system is

S = S1USUSs,
where S; = {(0,n),n=0,1,...,c— 1},
Sy = {(,n),n=a,a+1,a+2,....0—1}
and S35 = {(2,n),n=0,1,2,...}

Hence the forward equations governing the transitions are

Vot+1) = (1=XNVo(t) +p(l—A ZHM + (1 — MIa(t)
Vot +1) = (1=XNVu(t) + AV,_1(t ) + ,u(l — My, (), n=1,2,..,a—1
Vit +1) = (1=MNVat) +AVea(t), n=a,a+1,..,c—1
Mat+1) = 1= —wia)+ p(l = A)za(t)
Mat+1) = (1=X)1 = p)in) + A1 = @) p-1 () + p(1 — A)za(t),
n=a+1,a+2,...c—1
Me(t+1) = (1= A1 = p)ye(t) + ML — )l e—1(8) + AL — p)Veor(t)
+ p(1 = Mae(t)
Mn+1) = (1=NA = mIin@) + AL = ) p-1(8) + (L — Mapn(t),
n=c + Le+2,.,0—1
Mho(t+1) = (1—N)(1—uIao(t) + pu(l - ZHM A1 — )Ty (2)

n(t+1) = (1-A)1—pan(t)+ A1 - )H2,n—1( )+ p(1 = Mg ppa(t),
n=123,..
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3.1 Steady State Probabilities

The steady state probabilities of the system states are given by

Vi
Hl,n
H2 n

)

tliglo Vo(t),n=0,1,....c—1

lim Iy ,,(t),n =a,a+1,a+2,...,b—1 and

t—o00

lim II =0,1,2,...
tiglo Q,H(t)an 07 9 4y

From (3.1) to (3.9) the equations for the steady state probabilities are given by,

b—1
Vo p(1 = X)) Ty + (1 = Mz
AV, AVt —I—Z_([{—)\)Hgm , n=1,2,...,a—1
AV, AVia_1, n=a,a+1,..,c—1
A+ 1= AT, p(l = MNzq
A4 p— )y AL = I g +p(1 =Ny, n=a+1,a+2,...,c—1
(At = ATl A = ) e1 + AL = p)Veor + p(1 = Mz
A4 p— )y A1 =)y e + (1 =Ny, n=c+1lc+2,..,0—1
d
A+ p = Az p(l—A) Z oy + A1 — )y p1q
n=>b
A+ = M)Tam = A1 — ) ane1 + (1 — Nzmid, n=123,..
Let Iy, = z, then the equation (3.18)can be written as
pA =2z — (At p= Az + A1 —p) = 0 (19)

Using Rouche’s theorem there exist a unique positive real root less than unity of

the equation (3.19) such that

H2,n = H2,0 Tna n= 17 27 37 (20)
From (3.14)
M, = ellip1+eadlyy,
en—a _ pn—a
= Ijqef "+ H27062Ta+1 [1] i n=a+1l,a+2,...,c—1
ep— 1

where, e; =

AL St ) B [}
A+ p— A’ A+ —Ap
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From (3.13)
M, = Ilygea.r®
n=a+1l,a+2,..,c—1
From (3.16)
Iy, = ellip1+ellyy,

n—c n—c
_ 1 81 T
= IIj e} ¢ + Ty pearet [] ,

€L — T
n=c+1,c+2,...,b0—1
Using (3.16) and (3.19) ,

Iy, = IlxpDy

—C

en=e¢ —pn—¢
Hl,n = H270 |:D1€;L_c + 627ﬂc+1 <1€71>:| 5
1 —

n=c+1l,c+2,...,0—1

From (3.10) to (3.12) we get,

VW = Ilz0D9
1 _ eC—CL
where, Dy = 1 +e3 { <1é> (ear® + Dy)
—e1

(e ) [ (al=eT ) r(
el —r 1—e 1—7r

Len (al=dT)  r1—r)
1—61 1—r

1 —pn

Vi = Il |:D2+63T(1 r ):|7 n=123,...,a—1
—T
1— a—1

Vi = lIlap |:D2—|—€3T( 1 r >:|, n=aa+1,...,c—1

39

(23)

(26)
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Then Il g can be obtained by using the normalizing condition,

c—1 b—1 o)
> Vat Y Mip+> Thy,=1
n=0 n=a n=0

1—61
vl |y ep —ej " r B r r—prta@
1—¢ eL—r eL—r 1—r
n retl el—elfc r—rb-c
e —r 1—-¢e 1—7r

T [(a—l)—i—(l—r"_l) ((c—a)— 1ir)”_l (29)

er—ef° -1
.'.H270 = 1+D1 14+ ———7— +CD2+7“(1—7“)

3.2 Expected Queue Length

In this model the expected queue length L, is given by

c—1 00
Ly = Y nVu+) nlly,
n=1 n=1

— Iy {D2 C(CQ_ D1 )2 = ot (C<C —1) 3 ala - 1))

esT— [C(C; S R A 7«)—2] } (30)

3.3 Determination of the Optimal Control Limits

The optimal control limits can be obtained by minimizing expected cost function.
Here we assume that costs are charged for serving the customers and for holding
them in the queue. Let Cy be the over head cost to initiate a batch service, C} be
the holding cost per customer in the queue in steady state, C; be the cost per batch
in the case of accessible batch service and Cy be the service cost per batch in the

case of non-accessible batch, independent of batch size.
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The expected cost function is given by

b—1
E(cost) = Co+ CpLe+ Ch Z ITy

n=a

9] b—1 d
+ Z {Z(k02 + Cl) + Z(k’ + 1)02} HZ,k‘d—i—n
k=0

n=0 n=b

el — elfc
- CO + Cth + ClHQ,() Dl 1 + ﬁ
— €1

00 b—1 d
Y D RCo+ C) + ) (k+1)Co | Ty pasn (31)
k=0 Ln=0 n=b

3.4 Particular Cases

1. When a=c and interchanging b and d we get (a, b) policy bulk service queue

with an accessible limit d.

2. When a=c=b and interchanging b and d we get (a, b) policy bulk service queue.

4 The Model with Finite Buffer

Here we assume that the waiting space is limited and the maximum number of
customers allowed in the queue at any time is N. It is assumed that the waiting

capacity N is greater than twice the service capacity. That is N is greater than 2b.
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The difference equation for the system states are,

W(t+1) = (1=)V()+pul—A Zﬂln ) + (1 — A 0(2)

Va(t+1) = (1= NVi(t) + AV (t ) - u(l ~MIap(t), n=1,2..,a—1
Va(t+1) = (1=NVa(t) + AVoi(t), n=aa+1,..,c—1

Mat+1) = (1= = pa(t) + p(l = Maa(t)

Mat+1) = (1=X = m)Min(t) + A1 = -1 () + p(1 = NIz (1),

n=a+1l,a+2,..,c—1
Mc(t+1) = (1= =@ e(t) + A1 = )y e1(8) + A1 = @) Ve (t)
+ (1 = Mz (t)
Min(t+1) = (1= = p@)a() + A1 = ) p-1(t) + p(l = N2a(t),

n—c+1c+2 Lb—1

Moo(t+1) = (1=A)(1—pIze(t) 4+ pl—A ZHZn ) + A1 — )Ty p1(2)

Hop(t+1) = (1=A)(1—pwzu(t) +A(1 - )HZ,nfl( )+ p(1 = Mg ppa(t),
n=1,23,...,N—d
Mou(t+1) = (1M1~ p)Han(t) + M1 — pw)Iz,-1(t),

n=N-d+1,N—d+2,..,N

4.1 Steady State Probabilities

The steady state probabilities of the system states are given by

Vo, = lim Vo(t),n=0,1,....,c—1
I, = limIL,(t),n=aa+1,a+2,..,b—1and
t—o00

Iy, = lim Ip,(t),n=0,1,2,..
t—o0

)
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From (4.1) to (4.10) the equations for the steady state probabilities are given by,

AV =

AV, =
AV, =
A+ —Aw)
A+ p—=AIL, =

A+p—2Ah, =

)

()\ +u— )\M)Hl,n =

Hl,a =

At p—Alay =

A+ p=Alzy, =
()‘ +u— )\/’L)HQ,TL =

b—1

p(1 =) My + p(l = Mg

n=a

ANWpo1+p(l=MNy, , n=1,2,...,a—1

>\an17

n=a,a+1,..,.c—1

Mlyn, n=c+1,c+2,..

d
p(1= X)) oy + AL = )Ty

n=>b

A1 =)o p—1 + p(1 = Mg ptq, n=1,2,3,....,.N —d

A1 =p)ypy, n=N—-d+1,N—d+2,...,N

43

From (4.11) to (4.20) it is clear that the finite buffer situation affects only the value
of o, n=1,2,3,..N

Let ITp ,, = Z then the equation (4.19) can be written as a difference equation,

hWZ) =

p(1=N)Z" — AN+ = M) Z+ A1 —p) =0

Then using Rouche’s theorem and solving h(Z)=0, we get,

Hgn == ]._.[2’(]7"”, ’I’L:1,2,3,...,N*d

)

where 7 is the unique positive real root less than unity of the equation, h(Z) =0

My, = Mygef N TdpN=d n = N —d+1,N-d+2,..,N

where,

€1

AL — p)

:)\—i-u—/\,u

and

(52)

(53)
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Vo = Ilz0D9 (54)
1 _ n
Vi = lIlop |:D2—|—€3T(1r):| , n=123,..,a—1 (55)
—r
1— a—1
Vn = H270 |:D2+€3r( 1 r ):|7 n:a,a—i-l,...,c—l (56)
—r
I, = TIlppear (57)
I, = Ilpgpear? [e?_“ + ! (e?_“ — r”_“)] n=a+1l,a+2 ...,c—1 (58)
€1 —r
I = gD (59)
n—c¢ __ ,.n—c
I, = Iap [D16’f_c + egret! <61 ! ﬂ nm=c+1,c+2,...0—1 (60)
el —r
c—1 b—1 N

Then using the normalizing condition Z Vo + Z Iy, + Z I, = 1, we get,

n=0 n=a n=0

e1 — eli_c
HQ’O = 1—|—D1 1+ ——— +CD2
1— (&)

vepfra 1 (AT (g ) (T i
1—e¢ el —r el —r

(=) ()
i femma - e - (f_)”

4.2 Expected Queue Length

+€3

In this model the expected queue length L, is given by

2 10| 2
_i_rafl (a(l o 7")71 o C(C — 1) ; a’(a — 1)):|
+r(1—7) 21— VNN —d) (1 —r) + 1)]

Ly = Il {D2 cle—1) + - {C(C s r(1—r) 2171

e (1 — e [(N —d)(1— ey —ded (1 - ed)(1 - 61)_1] }

(61)

(62)
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5 Numerical Illustration
The expected queue length computed using the equation (3.30) is plotted for differ-

ent values of ¢, b, A\, u and a when d=50. The graphs obtained are given below.

Lq against ¢ for 0.4, b=40, d=50 for different values of a
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Yy 0 &b TR0
A 20 a0 otV
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2 : ‘ 16 ' '
2 25 30 3% 20 25 30 3%
when|=15 1=2
My 25 !
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0p0, 0| @ 04 a2
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Figure 5.1
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Remark: Here it can be noted that the control limits a and c affects the expected
queue length.

The expected cost function computed using the equation (3.31) is plotted for
different values of a, ¢, b A, u, when d=50. The graphs obtained are given below.

Ecost agailrbat cfor nv0.8, b=40, d=50,Ch=50, C =200 and C,10000 for different values of a
X

7500

A | v a5
+ ol . +oaT . i
2500 &l0 | 7000f]- ¢ a=10 .
12 ! a1 g
0 a=1b ¥ 0 a=1h n
i R L R o 00
9 0 0 " 0
= 1550, ?? 6000} 4 4 ’0_000 O_O.Q 2{,
1@;@?@'@?@? gev 5500@@:?}9?}?:?: Tt
05 ' ' 5000 : -
2 25 30 3 20 5 30 3%
when =15 |9
400 > R 4200 =
wpof| T % + ool
O @10 *o0 40001 ¢ =10 . ‘.@..@._Q__@
0 a5 ég@ S 0 a1 '?éié"o Y
gam| s 0| Y 5300 4 a0t
4100 gg 3%00] ¢ .O'O,*’*
mf 14§
429 3400 +
3900%'@@
30 : : 3200 : :
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Figure 5.2
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Ecost al%ainst afor me0.6, b=50, Ch =50, Ca:2000, c1:10000 for different values of ¢
X
7500

e 4 e |
+ =22 %U b "
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4500 4200
=0 41 e =0
4400 g ng ¥ 3 ¥ + e
Q0= ¥ 0 40008 - O ¢=25 |0.g @4 i %k X KK T
% 00 ) 008855500,
ao)  E k50000 ’ =30 b00
0 =32 |V O =32
‘5420061 s 3000 4 g5 b0 o A
8 8 . +'+-.+ <><><)<>
W 4100, <><> Lu3600 t, ++ <>(><>
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3900 Y, THigg
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Figure 5.3

Remark: It can be noted that optimal control limits a, b and ¢ can be determined

by minimising the expected cost function. In the Figure (5.3), when A=3, the
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optimal values of a, and ¢ are 18 and 20 respectively. That is when a < c.

6 Conclusion

An (a, ¢, d) policy discrete time bulk service queue with accessible and non-accessible
batches has been studied in this article. Analysis of the model is done and expres-
sions for steady state probabilities and expected queue length, for finite and infinite
buffer models are obtained. It can be noted that by minimising the expected cost

function, optimal control limits a, b and ¢ can be obtained.
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